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Let E, (o) = min, maXgc,eq [X* — (co + ¢;x + -+ + ¢,x")} and E (a}) =
min, MaXy ¢, < |X*— (€1 X + ;X7 + -+~ +¢,x")], where ne N, a>0, and c; is real
for cach i. Also denotc the cocfficient of x* in thc Chebychev polynomial T, by
coef(u, v).

THEOREM. Let n>0 and k be integers so that 0< k <n and « a real number.

(a) Ifae[k k+1], then E(0) < El{a) < 1/|coef(2k, 2n)|.

(b If aelk+i, k+1], then E,(a)<E,(«)<1/|coef(2k+1,2n+1).
© 1990 Academic Press, Inc.

1. INTRODUCTION

Bell and Shah have used oscillating generalized polynomials [2-47 to
find the best uniformly approximating polynomial of degree » on [0, 1] to
functions of the form f(x)= x", where r is a positive rational number. They
then determined lower bounds for

E (r)=min max [x"—(co+c;x+c,x*+ -+ +¢,x")|.
¢ 0<x<1
This work was motivated by Bernstein’s results [S] on the approximation
of |x] on [—1, 1], which is equivalent to having =% and approximating
on [0, 1].
In this paper we study the functions

E (¢)=min max |x*—(co+cix+ -+ +c,x")
ci Osxx<1

and

Ej(a)=min max [x*—(c;x+ x>+ - +c,x")],
¢ Osx<l1
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where ne N, a>0, and c; is real for each i In so doing, the properties of
Chebychev polynomials and of oscillating generalized polynomials are
extremely useful in finding upper bounds for E,(a) and E, (a) for many «’s.
The technique that is employed utilizes every coefficient in every
Chebychev polynomial.

2. OSCILLATING GENERALIZED POLYNOMIALS

Let 0<a(0)<a(l)< --- <afn) be given rational numbers. Then p(x) =
cox™ @ e x*W 4 .. 4, x*™, where the ¢;s are real, is said to be a
generalized polynomial (gp). If max,. <, |p(x)| is attained for exactly
n+ 1 values of x in [0, 1], then p(x) is said to be an oscillating generalized
polynomial (ogp) in [0, 1].

The following facts about gps and ogps are stated: (i)-(vi) [2], (vii) [6],
and (viii)—(xi) [9].

(i) (Property D).
(a) For every set of nonzero real numbers {c,, ¢;,..,¢c,} and
every set of rational numbers {a(0), (1), ..,a(n)} with 0<a(0)<

a(l)< --- <a(n), the number of zeros, a zero of order k counted as k
zeros, in (0, 1] of the generalized polynomial

p(x)=cox* P+ x* V4 ... 4, x4

is at most equal to the number of variations of sign in the sequence
{05 €1y Cu}-
(b) With the sets {co, ¢y, .., ¢,} and {a(0), a(1), ..., a(n)} as in (a),
the number of zeros, a zero of order k counted as k zeros, in (0, 1] of p’'(x)
is at most equal to the number of variations of sign in the sequence
{€os C1s s Cy )
(ii) To a given finite set of nonnegative exponents, there
corresponds an ogp in [0, 1] which is unique except for a constant factor.
(iii) Let M =maxo.,<,|p(x)]. An ogp p(x) assumes the values
+ M alternately at n+ 1 points in [0, 1].

o (iv) Let p(x) = 3o 4x" P+ xm+ 37, A;x*Y and g(x) =
SiZeBxPD 4 xm 43 BxPD be ogps with 0<a(0)<p(0)< -+ <
a(i—~1) < B(i—1) < m < Bi+1) < a(i+1) < --- < f(n)<a(n). Then
max, ¢ . <1 [g(x)| <maXxgc,<; | p(x)|.

(v) The coefficients of an ogp p(x)=aex*® +a,x* M+ ... +
a,x*"™ alternate in sign.
(vi) Let p(x)=3%7_,4;x*” be an ogp in [0,1] and let g(x)=
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"_oB;x*Y (all B/s real) be another generalized polynomial. Suppose
B,=A; for at least one j, where a(j)>0. Then max,c,;lg(x)|>
maxo << | P(X)].

(vil) E,(a)> E,(2)/2 for « >0 and rational.

(viii) Let p(x) = aox®® + ¥7_, a,x*® and ¢q(x) = aux*® +
>, bexP®) be ogps such that 0<a(0)<a(l)< -+ <afn), (0) < (1)<
B(2)< --- < f(n), and for j=1, .., n, a(j) < f(j). Then max, ., ., [P(x}| <
maxo< <1 1g(x)].

(ix) For aeln, n+1], E (x)<1/2>*! and for ae(n+1, c0),
E, (2)> 1221,

(x) Each of E, and E,, is a continuous function on {0, «o).

(xi) Each of E, and E/, is strictly decreasing on (0, 1] and strictly
increasing on [#, co).

3. FURTHER RESULTS ON OSCILLATING GENERALIZED POLYNOMIALS

THEOREM 1. Let
p(x)=a0x°‘<°)+ +ai_lx“(i"l)+xm+a,-+1x°°(i+1)+ +a,,x°‘(”>
and
q(x)=b0x”‘°)+ +b,~~1xﬁ(i—1)+xm+bi+1xﬂ(i+1)+ +bnxﬁ(n)

be the unique ogps with 1 as the coefficient of x™ and the positive rational
exponents {a(0), .., a(i—1), m, a(i+1), .., x(n)} and {B(0), .., pli— 1), m,
B+1), .., B(n)}, respectively, where 0<a(0)<a(l)< - <a(i—1)<
m<ofi+1)< ---<a(n); 0KSPO)<p(l)< --- <(i—D)<m<p(i+ 1)<
e < B(ny; for j=0,1, ..., i—1, B(j)<alj), and, for j=i+1, ., n, a(j}<
B(j). Then

max |p(x)/ < max [g(x)l.
O0<x<1 O0sx<xt

Proof. The o’s and the B’s in this argument are all to be rational. First
choose {x(0,0), «(1,0),.,a(i—1,0), a(i+1,0),..,ar 0)} by p(0)<
#(0, 0) <min{x(0), B(1)}; a(j, 0)€ (max{B(j), a(j—1)}, a(j)), for j=1,
2, ., i—1; a(j, 0)e (a(j), min{a(j+1), B(j}}), for j=i+1,.,n~1; and
a(n, 0) € (a(n), B(n)).

Next suppose that k € N with 0 < k < i—2 and that {«(0, k),
a(l, k), ..., a(i— 1, k), a(i + 1, k), ..., a(n, k)} has been chosen so that f(0) <
a0, k) < a(0,k—1) < p(D)<a(l, k) < o(l,k—1) < B2)< -+ <Pk} <
alk, k) <min{Bk+1), alk,k—1)}; a(j, k)e (max{f(j), a(j—1,k—1}},
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a(j, k—1)), for j=k+1, k+2,..,i—1; a(j, k)e (a(j, k—1), min{a(j+1,
k—1), B(H}), for j=i+1,..,n—1; and a(n, k) e (a(n, k—1), B(n)).

Then choose {a(0,k+1), (1, k+1), ..., a(i—1, k+1), ali+ 1, k+1), ..,
aln, k+1)} so that B(0) <a(0, k+1) <a(0, k) < B(1) < a(d, k + 1) <a(1, k)
<PR)y<- < Bk+1) < atk+1,k+1) < min{Bk+2), alk+1,k)};
alj, k+1)e (max{B(j), a(j—1,k)}, a(j, k), for j=k+2, k+3,..,i—1;
alj, k+ 1) e(a(j, k), min{a(j+1,k), B(j)}), for j=i+1,.,n—1; and
a(n, k+ 1) e (a(n, k), B(n)).

Continue by choosing {a(0, i + 2), a(l, i+ 2), .., ali — 1,1+ 2),
a(i+1,i+2), .., a(n,i+2)} so that f(0)<a(0,i+2)<a(0,i—2)<B(1)<
a(l,i+2) < o(l,i—-2)< - <Bi—1) < a(i—1,i4+2) < a(i—1,i—2);
alj,i+2)e(a(j, i—2), min{a(j+1,i—2), B(/)}), for j=i+1,.,n~1;
and a(n, i+2)e (max{B(n—1), a(n, i—2)}, B(n)).

Next suppose for 2 <t <n—ithat {a(0,i+1), a(1, i+ 1), .., a(i—1, i+ 1),
ali+1,i+1), .., a(n, i+1)} has been chosen such that §(0)<a(0, i+ 1)<
20, i+t—1)<p(l) < a(l, i+ )<l i+t—1)<fR)< --- <pli—1) <
ai—Li+)y<a(i—1,i+e—1); a(j,i+t)e(a(f,i+t—1), min{a(j+1,
i+t—1), ()}, for j=i+1,.,n—t+1; a(ji+t)e(max{p(j—1),
a(j, i+t~ 1}, min{a(j+1,i+¢~1), B()}), for j=n—t+2,...,n—1; and
oln, i+ t)e(a(n, i+t—1), f(n)).

Then choose {a(0, i+t+1), a(l,i+1+1), .., a(i—1, i+t+1), a(i+1,
i+t+1), ., ami+t+1)} so that BO)<a(0,i+t+1)<a(0,i+1)<
B <ofl,i+t+ D <a(l,i+)<B2)< - <pli—N)y<ali—1,i+t+1) <
a(i—1,i+1); a(f, i+t+1)e(a(j, i+1), min{a(j+1,i+1), f(j)}), for j=
i+1,.,n~ta(j,i+t+1)e(max{f(j—1), a(j, i+ 1)}, min{a(j+ 1, i+ 1),
BN}, for j=n—1+1,.,n—1; and a(n, i+ 1+ 1) e (a(n, i+ t), B(n)).

Now for each r=0, 1, 2, ..., i—2, i+ 2, .., n, define

pr(x) — bg”x"‘(o”)—l- b(lr)xrx(l,r) 4 -+ bgrllxa(i—l,r)
+ x™ + bgiglxoc(ﬂ— 1,r) 4 o+ b;r)xzx(n,r)

to be the unique ogp with exponents {«(0,r), a(l,r), .., a(i—1,r),
a(i+ 1, r), ..., a(n, r)} and 1 the coefficients of x™. Then by (iv) of Section 2,

max [p(x)| < max |[po(x)| < max |py(x)|<--- < max |p, ,(x)|
o<x<1 0<x<1

<x<1 <x<

< max [Pisa(X) < - < max |pa(x)] < max lg(x)].

0<x< <x< <x<

LEMMA 2. Let

p(x)=a0xot(0)+ a1x¢(1)+ . +an~1xm(n—l)+xa(n)
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and

G(x) = boxP O + b, xPO .. 4 b xPr= D) 4 x

be two ogps with 0<a(0)<p0)<a(l)<pl)< - <a(n—1)<fn—1)<
o(n). Then

max |g(x)]< max |p(x).
O<x<1 osx<t

Proof. Note that

qg(x) = p(x) = — a0 x"@ + box" ¥ — a, x*)

b PN~ g, x* U D

has n sign variations. Therefore by Property D, there are at most »
positive zeros of g(x)— p(x). Next suppose that maxg.,<qlg(x) =
maxye .« |P(x) and let x;, x,, .., X, ; be the set of points in [0, 1] at
which |g(x)] is maximum. Consequently there are n positive zeros
Zys 23, Z, Such that zy<x, <z, <X, <2, <x3€ - €, €2, €x, ;1 €
Z,+1, where 0 is denoted by z, and 2 by z,, ;. Note that g(x)— p(x) has
the sign of b, _, and is negative on (z,, z,,, ;) and in general g(x}— p(x)
has the sign (—1) on (2, 1—;» Zns2_s) for i=1,2, ., n+ 1. Also it follows
for some j that z,,, ;<Xx,.,.;<2,,,_,; Therefore both [g(x,.,_;}—
Pxprs )I(—1"">7 and [q(x,.s )I(—1)""27 have the sign of
(___ 1)n+ 2'

On the other hand ¢(x,.,)>0, ¢(x,)<0, and in general ¢(x,. ,_,}
has the sign of (—1)"*', Therefore [g(x,,,_;)1(—1)"*>"/ has the sign
of (—1)**% This contradiction implies that maxgc,<; |g(x)] <
MaXpgxxi Ip(x)l

THEOREM 3. Let
p(x)=agx*@ +ax*D+ ... 4, x*TD 4 x*
and ‘
q(x)=boxPO + b, xPD 4 . 4 b, XD 4 x2
be two ogps with 0<a(0)<a(l)< ---<an—1)<aln), 0<p0)<
B < --- <B(n—1)<aln), and a(i)<p(i) for each i=0, 1, 2,.,n—1.
Then

max lq(x)] < max [p(x)].

0<sx<

640/63/3-3
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Proof. All of the o’s and f’s are assumed to be rational. First choose
{a(0,0), 2(1,0), .., a(n—1,0)} so that for each i=0, 1, ..,n—2, a(i,0) €
(a(i), min{a(i+ 1), (i)}) and a(n —1,0) € (max{a(n—1), p(n—2)},
B(n—1)).

Denote «(i) by a(i, —1) for each i=0, 1, ..., n— 1. Next suppose that j is
a member of {0, 1, 2, .., n—3} and {a(0, j), a(1, j), .., a(n—1, j)} has been
chosen so that for i=0, 1,..,n—j—2, a(i, j)e (i, j—1), min{a(i+ 1,
j—1), B()}) and for i=n—j—1, n—j, .., n—1, a(i, j) € (max{a(i, j—1),
B(i—1)}, min{a(i + 1, j~— 1), B(i)}). Then choose {«(0, j+ 1), a(1, j+1), ..,
a(n—1,j+1)} so that for i=0, 1, 2,..,n—j—3, a(i, j+1)e(a(, j)
min{a(i+1, j), p(i)}) and for i=n—j—~2, n—j—1,.,n—1, afi, j+1)e
(max{a(i, j), fi—1)}, min {a(i+1, ), B0)}). |

Next for r=0, 1, 2,.,n—2, let p,=alx*%) 4 a{"x*®) 4 ... 4
a?  x**=Lr 4 x*") be the unique ogp with exponents {«(0, r), a(1, ), ...,
a(n—1,r), a(n)} and 1 as the coefficient of x*™. Then by Lemma 2,

max |p(x)| > max |po(x)|> max |p,(x)|
0g<x<t O0g<x<g1 0<g<xx1l

> o> max |p, ,(x)|> max [q(x)|.
1 0sx<1

0sx<

4. APPLICATIONS OF OSCILLATING GENERALIZED POLYNOMIALS

In the following denote the coefficient of x* in the Chebychev polynomial
T, by coef(pu, v).

LemMma 4. Let n be a positive integer and p/q be a rational number.

(@) If p/qe(0,1), then E,(p/q) < E,(p/q) <1/|coef(0, 2n)|.
(b) Ifp/ge (5, 1), then E,(p/q) < E,(p/q) <1/|coef(1, 2n + 1)|.

Proof. (a) This is trivial since |coef(0, 2n)| = 1.
(b) Actually the inequalities hold for p/qe(n/(2n+1),1). Let

xP4 ¢ x+ x> + -+ +¢,x" be the unique ogp with exponents {p/g, 1,
2,..,n} and 1 as the coefficient of x2. Then

P(x)=xP+cy x4 c,x*7+ - 4, x™
and

T, . 1(xF)

=xP4q 3p 5p L (2n+1)p
coef(1, 2n+ 1) XA AT At X
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are both ogps. Since ¢ <3p, 29 < 5p, .., ng<(2n+ 1) p, by (viii),

£ (%)<, ()= max, 1ot

0<xg!

<oax = looet(1, 27+ 1)|

0<x<1

Ty 1(x7) 1
coef(l, 2n+ 1)

Lemma 5. Let n and k be positive integers with k<n and p/q be a
rational number.

(@) Ifp/ge(k, k+1), then En(?/Q)<E;(P/q)< 1/|coef(2k, 2n)|.

(b) If plgelk+3,k+1), then E,(p/q)<E,(p/q)<1/lcoef(2k+ 1,
2n+ 1) :

Proof. In both (a) and (b) let x”?+ ¢, x+cyx*+ --- +¢,Xx" be the
unique ogp with exponents {p/q, 1, 2, .., n} and 1 as the coefficient of x?/7.
{a) Then
Px)=c x7+ X%+ oo o XM+ xPep xFTDI4 e x
and

TZn(xp/Zk)

A ot a xR+ a xR g, g xEDRE
coef(2k, 2n) ° 7 4 2k~ 1)
+ X7+ dpp X E T ag, xR

are both ogps. Since 0< g, p/k<2q, .., (k—1)/k)p<kg, and (k+1)g<
((k+1Yk) p, ..., ng <np/k, by Theorem 1

E, <£> <E, (E) = max |p(x)|
q q

0sx<1

TZn( X P2k )
coef(2k, 2n)

_ {

< omax = [coel(2k, 2n)|"

0gx<1

{b) Note that

Ty (X731 D)
coef(2k+1,2n+1)

=a1x”/(2k“)+a3x31’/(2"+”+ +azk_1x(2k~1>p/(zk+1)+xp

+a2k+3x(2k+3)p/(2k+l)+ +a2 +1x(2n+1)p/(2k+1)
n
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is also an ogp. Since p/(2k+1)<gq, 3p/(2k+1)<2q,..., (2k—1)/(2k+1))p
<kq and (k+1)g<((2k+3)/2k+1))p, (k+2)g<((Rk+35)/2k+1))p,..,ng
<((2n+1)/(2k+ 1)) p, by Theorem 1,

E, (’—’)<E; (3)= max_|p(x)]
q q

0<x<g1

T2n+1(xp/(2k+1)) 1
coef(2k+1,2n+1)|  |coef(Rk+1, 2n+1)|

< max

0<xx1

LEMMA 6. Let n be a positive integer and p/q a rational number,

(@) Ifp/qe(n,n+1), then E,(p/q) < E,(p/q) <1/coef(2n, 2n)|.

(b) If p/ge(n+3,n+1), then E,(p/q)<E,(p/q)<1/|coef(2n+1,
2n+1)].

Proof. Let xP+ ¢, x4 cyx*+ -+ +¢,x" be as in Lemma 5.

(a) Then
P(x)=clxq+c2x2‘1+ +Cnan+xp
and
T2 (xp/zn) n n—
m:ao'*‘azxp/ +a4x2p/n+ . +a2(n_1)x( 1)p/n+xp

are both ogps. Since 0 < g, p/n<2gq, ..., ((n—1)/n) p<ng, by Theorem 3,

£ (2) < (%) = max, 15

O0<xxl1
< max Tyu(x7") | 1
o<x<1 |coef(2nm, 2n)| |coef(2n, 2n)|’

(b) Note that

Ty 1 (x7/% D)
coef(2n+1,2n+1)

= alxp/(2n +1) + a3x3p/(2n +1)

+ ... +a2n_1x(2n—1)p/(2n+1)+xp

is also an ogp. Since p/(2n+1)<gq, 3p/(2n+1)<2q,..,((2n—1)/2n+1))p
<ng, by Theorem 3,
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E, (’—’) <E, (’-’) = max |p(x)|
q q 0gsx<1

Top 1 (x#27+ D) 1

S X coef2n+ 1, 2n+1)|  Jcoet@n+ L 2n+ 1))

0sxx1

By (ix), (x), and (xi) and Lemmas 4, 5, and 6, the following holds:

THEOREM 7. Let n>0 and k be integers so that 0<k<n and « a real
number.

(a) Ifaelk k+1], then E (¢) < E,(x) < 1/|coef(2k, 2n)|.
(b) Ifaelk+Li k+1], then E (o) < E(2) < 1/|coef(2k + 1, 2n+ 1)|.

ExampLE 8. What is an upper bound to

Es(8)= max |x"*—(co+cix+ -+ +c5x°)|,
0

<x<1

where ¢+ c,x + --+ +csx’ is the best approximation polynomial of degree
5 in the uniform norm to x* on [0, 1]?

Since e (3, 4),
Tyo(x) = — 1 + 50x% — 400x* + 1120x° — 1280x® + 5121,
and

Ty (x)= —11x +220x> — 1232x° + 2816x" — 2816x° + 1024x ",

it follows that

RIPY( W
>\ 3/ lcoef(6, 10)] 1120 1120

and
1 1 1 1
b —_— = = .
(®) E5(3><|coef(7,11)] 12816] _ 2816
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